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We prove the existence of many homographic solutions of the n-body problem in 
E’ by topological methods. Homographic solutions are associated with relative 
equilibria. Homothetic solutions always give rise to cen:ral configurations. In 
Euclidcan space EP central contigurations are a proper subset of the relative 
equilibria for any II > 3 and for any (m,) E i?:. We compare the existence and 
classification of homographic solutions of the n-body problem in E’ with the 
Newtonian potential and that of homographic solutions of the n-body problem in 
17’. Classifying relative equilibria leads IO classifying homographic solutions. 
1. HOMOGRAPHIC SOLUTIONS IN E4 
Recall the setting of the n-body problem in Euclidean space E4 [ 11. We 
choose the masses (mi) E II?“, once and for all. The inner product and norm 
in E4 are denoted by ( , ) and IIII. 
The configuration space of the n-body problem in Ed is denoted by A4 - A 
where M c (E’)” is the linear space 
M = ; (x, )...) XJ E (E4)” 1x mixi ‘= 0 [ 
and A c M is given A = U A,, A, = {x E M ) xi =x,} and the union is over 
all i cj. The tangent bundle is written as a product T(M - A) = 
(M-A)xM. 
The potential V,,, : A4 - A -t IF? is a real analytic function defined as 
We observe that the potential has a divergence free gradient vector field on 
7-(M-A). 
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As a dynamical system the n-body problem is given via Newton’s 
equations as the system of second-order differential equations on M-d 
mid& = -grad, Vm(x) for i = l,..., n. 
The gradient of V, by -yi is denoted grad, V,,,. This system of second-order 
equations can be written as a vector field on the tangent bundle 
r(M -d) = (M - d) x M. A solution of the dynamical system is an integral 
curve of this vector field. Let (x(t), i(t)) denote an integral curve with initial 
configuration x(0) = (x1 ,..., x,) E M -d and with initial velocity 
i(0) = (u, )...) 0,) E M. 
A homographic solution of the n-body problem in E4 is an integral curve 
(x(t), i(t)) such that the base integral curve can be written as 
x(t) = (c@)(t) x(0) where for each t in the domain of existence, a(t) > 0 and 
P(t) E SO(4) hold. Thus, for any two times t,, t, for which the solution is 
defined the configurations x(t,) and x(t2) are congruent by a rotation 
followed by a scalar multiplication. 
There are two limiting cases of homographic solutions. A homothetic 
solution is an integral curve (x(t), i(t)) such that the base integral curve is a 
dilation of an initial configuration: x(t) = a(t) x(O), /3(t) = 1 for all t in the 
domain of existence. A solution of relative equilibrium is an integral curve 
(x(t), i(t)) such that the base integral curve is a rotation of the initial 
configuration: x(t) = P(t) x(O), a(t) = 1 for all t E R. The configuration x(t) 
is called a relative equilibrium for each t. It follows in this case that /3(t) is a 
one-parameter group of rotations of E4. 
In order to classify homographic solutions two additional definitions are 
needed. 
A configuration (xi ,..., XJ E M-A is a central configuration if there is a 
1 E R\{O} such that for i = l,..., n we have 
Lmixi = --grad, V,(x). 
By the homogeneity of V, (of degree -2) it follows that the multiplier 
A < 0 is given by 1= Vm(x)/l(x). 
The usual definition of relative equilibrium is as follows. 
A configuration (xi )..., x,) E M-A is a relative equilibrium if there is a 
one-parameter group of rotations of E’, pt, such that 
is a base integral curve of the vector field on T(M - A) given by dynamics. 
There is a critical-point criterion that arises from this definition. 
A configuration (xi ,..., x,) E M-d is a relative equilibrium if there is a 
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cr E R\(O/ and a skew-symmetric operator B on E4 such that for all 
i= 1 ,..., n we have 
02B’mixi = -gradi V,(x). 
We observe the connection between relative equilibria and this critical- 
point criterion by using the fact that as a subgroup of SO(4) any one 
parameter group of rotations of E’ has the form 
cpt = exp@B), 
where o E W\(O) and B is in the Lie algebra of SO(4). 
2. HOMOGRAPHIC SOLUTIONS IN E3 
We recall some well-known results on homographic solutions of the YI- 
body problem in Euclidean E3. Here we take as the configuration space the 
set 
M, -A = ((x ,,..., x,J E (E3)” / c mixi = 0 and xi f xjY i # j}. 
As the potential we have V, : M, -d + R given by 
V3 is the Newtonian potential which has a divergence free gradient vector 
field on the tangent bundle T(M, -A) = (M, -A) x M,. 
We denote by S, --d the excised sphere 
The restriction V, ] (S, -A) is denoted V,. 
We list below several known results. 
I. A configuration (x1,..., xn) E S, -A is a relative equilibrium if and 
only if (x, 3..., x,) is a critical point of V, and the vectors {xi! are coplanar 
[3, Theorem 11. 
This statement follows from the definition that a configuration 
(x 1 >..‘1 xn) E M, - A is a relative equilibrium if there is a one-parameter 
group of rotations of E3, q,, such that 
q&l ,.**3 x,> = kvl V.-Y P&J 
is a base integral curve of the vector field on T(M, -A) given by dynamics. 
505!40/2-9 
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From I it follows that 
II. The integral curve (-x(t), a(t)), x(t) E S, --d for all t is a solution 
of relative equilibrium if and only if x(0) = (xi ,..., x,J E S, -d is a critical 
point of V,. 
III. For any n > 4 and for any (m,) E I?: there exist nonplanar 
central configurations. Consequently, for the n-body problem in Euclidean 
space E3 with Newtonian potential the relative equilibria form a proper 
subset of the central configurations. 
IV. Let (xi ,..., x,J E S, --d be a nonplanar central configuration. If 
(x(t),,<(t)) is a homographic solution such that x(0) = (x,,...,x,,), then 
(x(t),i(t)) is a homothetic solution. 
Wintner [4, Sect. 374bis] shows that IV need not hold for non-Newtonian 
potentials. He shows the existence of regular homographic solutions that are 
not homothetic when the potential is an inverse square law given by the 
potential V, for the n-body problem in E4 in Section 1. 
V. Let (s, ,..., x,) E S, --d be a relative equilibrium. There is a family 
of homographic solutions, each having the same energy h < 0, which 
terminates on the solution of relative equilibrium and the homothetic solution 
such that x(0) = (x,,..~, x,J. The energy h = $ V&i ,..., xn) < 0 is the same 
for each member of the family. 
Some of these results depend on the Newtonian potential. The potential 
V, defined in Section 1 arises naturally in other contexts. It is known that 
the restriction of V, to (El)” -d is the potential such that the associated 
Hamiltonian is completely integrable. 
We can study the 3-space configurations in E” as follows. Identify E” with 
IH, the division algebra of quaternions. A basis is given by the units 
(I, i,j, k). We write IH = R @ [E, where [E is spanned by {i, j, k) and is the 
imaginary part of IH. The unit sphere S’ c IE remains invariant under the 
SO(3) action on [E. We write this. action as x --+ q,~q-’ for x E lE and 
q E S3 c IH, the quaternions of unit length. Thus, E3 is identified with [E and 
homographic solutions of the n-body problem in E3 can be studied using the 
quaternion algebra. 
Then we introduce the potential V, above. We note that V, does not 
generate a divergence free vector field on T(M - A). 
Consequently, the standard results listed above for the n-body problem in 
E3 with Newtonian potential can be proved in the E’ setting using 
quaternions. 
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3. EXISTENCE OF HOMOGRAPHIC SOLUTIONS IN E” 
Let CC M-A be the set of all configurations (zct,,.., x,) E M -ri such 
that there exists a homographic solution (x(t), z?(t)) with x(O) = (x, ,..., xn)= 
We prove the existence of homographic solutions by finding C and then 
integrating the equations of motion to obtain a homographic solution. We 
show the existence of configurations (x1 ,...% xn) E Z by critical-point theory. 
By placing restrictions on the form of homographic solution sought we 
integrate the equations of motion using the allowed initial configurations. 
Two theorems below are useful toward the goal of finding ,Z. Their proofs 
are found in [2]. Let I,,, c IR denote a maximal interval of existence of an 
integral curve (X(I), i(t)). In all that follows we fix (m,) E iR:. 
THEOREM A. Let (x(t), i(r)) b e a homothetic solution of the n-body 
problem in E4. The configuration x(t) = (xl(t),..., x,(t)) E M-A, t E I,,,, is 
a centrai configuration. 
A homographic solution is called regular if for some t E J,,,? the 
configuration {xi(t)} spans E4. 
THEOREM B. Let (x(t), i(t)) be a regular homographic solution of the n- 
body problem in E4. The configuration x(t) = (x,(t),..., x,(t)) is a relative 
equilibrium for all t E I,,,. 
Remark. Theorem B gives the correspondence between relative equilibria 
and the existence of regular homographic solutions. For the n-body problem 
in EJ every central configuration is a relative equilibrium and the set of 
central configurations is a proper subset of the relative equilibria for any 
H > 3 and for any (m,) E RI [2]. Theorem A shows the correspondence 
between central configurations and homothetic solutions. 
In [I] we prove the existence of central configurations of the n-body 
problem in E” for any n > 3 and for any (mJ E IF?: by applying critical- 
point theory to the (reduced) configuration space. The homology of the 
reduced space is sufficiently rich to guarantee the existence of many critical 
points of the potential. 
We prove the existence of relative equilibria in [2] by critical-point theory. 
By choosing a relative equilibrium we can find initial conditions such that 
the equations of motion generate a homographic solution by integration. We 
proceed toward this end as follows. For a given relative equilibrium there 
exist classes of homographic solutions that have the relative equilibrium as 
an initial configuration. If the relative equilibrium is not a centra! 
configuration, then by Theorem A no homographic solution that has the 
relative equilibrium as an initial configuration is a homothetic solution. 
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In order to integrate the equations we need the following result. 
THEOREM 1. Let (x1,..., x,,) E M-A be a relative equilibrium. There is 
a skew-symmetric automorphism B of E4 and 1 E F?\{O} such that (x, ,..., XJ 
satisfies 
-AB’mixi = -grad, V,(x). 
for i = l,..., n. Then 1= V,(x)/I(Bx) < 0. 
Remark. By definition, there is a one-parameter group of rotations of E4, 
p)r, such that qt(xl ,..., _ Y,J is a base integral curve of the vector field on 
T(M- A) given by dynamics. But every one-parameter group of rotations of 
E4 has the form p, = exp(tA) for some skew-symmetric A. We want to prove 
that A can be replaced by B, an automorphism of E”. 
We need the following proposition in order to prove Theorem 1. 
PROPOSITION. Let (x1,..., x,,) E M-A be a relative equilibrium and let 
q,r = exp(atA) be the corresponding one-parameter g oup of rotations of E4. If 
A is not an automorphism of E”, then the vectors {xi} are coplanar. 
Proof. The solution of relative equilibrium is a),(~, ,..., x,J which satisfies 
the equations 
02A2mixi = -grad, V,(x). 
We reach a contradiction by assuming the vectors {xi} are not coplanar and 
that A is not an automorphism of E4. Let p1 and pz, (pl, pJ = 0 be 
annihilated by A. Then for all scalars a, and a2 in R the inner product 
(a,~, + azpz, AZxi) = 0 for all i. But for some j, xj, and alp, + a,p, we 
have for all i # j that 
(xi -xi, a,p, + a2p2) > 0 holds. 
Consequently, the inner product of the right-hand side by a,p, + a,p, 
satisfies 
(-gradj ~,(xh alpI + a2p2) > 0 
but 
(a,pl + aZpZ, a2A2mjxj) = 0. 
Therefore, the set {xi} must be coplanar. 
Proof of Theorem 1. Let (x, ,..., x,) E M-A be a relative equilibrium 
with an associated one-parameter group p,I = exp(otA), where A is a skew- 
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symmetric map. If A is not an automorphism of E4, then by the proposition, 
the vectors (xi} are coplanar and are contained in E’ c E4. The plane E’ is 
spanned by the eigenvectors of A which are associated with the two 
nontrivial eigenvalues. Let (I?‘) denote the kernel of A. Denote A ! E2 by A, 
and define B,: (E2)1 --f (I?)‘- by the action of A, lifted to (E’)? B, is an 
automorphism of (E’)‘. Finally, we write B = A, 0 B,. Then B is an 
automorphism of E4, and 
A%zixi = BZmixi 
for all i. 
Thus or = exp(ufB) is a one-parameter group such that o&r ,..., x,) is a 
solution of relative equilibrium. 
In order to integrate the equations of motion for a homographic solution, 
we choose a particular form of the solution 
Let (x, ,..., x,) E M -A be a relative equilibrium. 
Let x(t) = a(t) exp(o(f)B)x(O) be the base integral curve of a 
homographic solution where x(0) = (xl ,..., x,J and a, CT are scalar functions 
to be determined below. Here B is a skew-symmetric automorphism of E4 
which allows us to write 
for i = l,..., n. 
-4Bzmixi = -grad, V,(x) 
The equations of motion of the homographic solution take the form 
(u3tiI + 2a’cidB + a4cYB + a”d2BZ)(t) mixi = --jiBzmixi. 
By taking the inner product of these equations by Xi and B.ui respectively and 
summing over all i we find the two equations 
(9 (a3di)(t) I(x(0)) - (a4dz)(t) I(Bx(Oj) = lI(Bx(0)) 
(ii) (2a3G + a”cY)(t) I(Bx(0)) = 0, 
where 
I(X(0)) = f C mf llxil12 and I(Bx(0)) = f r m, [IBxil(“. 
From (ii) we conclude that 
2a3drj + a46 = 0. 
Consequently, we have (a’ii)(t) = (A + c’) I(Bx(O))/I(x(O)). This equation 
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for (r may be integrated immediately. From the equation a26 = c we may 
compute o(t). 
We observe that the equation for 01 takes the form 
a3di = c,. 
This equation has the integral 
1 -2 ia =-~a 1 -zc, + c2. 
By a change in independent variable and by substituting the integral we may 
regularize such homographic solutions at collisions. 
The solution of relative equilibrium is the integral curve with a(t) = 1. 
This requires that a(t) = ct and a(O) = 0. 
The homothetic solution is defined by o(t) = 0. Thus, c = 0 follows. 
Consequently, the equation above becomes 
(a3ii)(t) = /lI(Bx(o))/I(x(o)). 
The equation of motion reduces to 
(a36S)(t) mixi = -grad, VM@(0)), 
where 
(a”ki)(t) = 1 C m, (JBxi1J2/x mi (1 xil(‘. 
The configuration x(0) = (xi,..., xn) is a central configuration. 
Solutions that are intermediate to these limiting cases are found by 
directly integrating the equations defining CI and o. If the relative equilibrium 
is not a central configuration, then a homothetic solution is not found as a 
limiting solution. We state a main result below. 
THEOREM 2. Let (x1 ,..., x,,) E M -A be a relative equilibrium regular in 
E4 that is not a central configuration. Then for each energy h > 0 there is a 
homographic sofution (x(t), a(t)), x(0) = (x, ,..., x,) and $0) = (v, ,..., v,J 
defined for all t > -c-l with c2 = h/I(x) and ci(t) = c for all t. 
ProoJ: There is a skew-symmetric automorphism of E4, B, and 
II E R\(O) such that for each i = l,..., n, we obtain 
4B’mjxi = -grad, V,&(O)). 
Here, 2 is computed as 
i = ~m(x(O))/Wx(O))~ 
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We write x(t) = a(t) exp(o(t)B) x(0) as the base integral curve. As above 
we find for each i that 
(a3iiI + (2a3db + a’cT)B + a4a2B2)(t) mixi =I -AB”mixi. 
The configuration x(0) is regular so that we may equate the operator on each 
side. By the skew-symmetry of B we find 
(9 2a3ci6 + a46 = 0 
and 
(ii) a361 + (a’b’ + A) B* = 0. 
The relative equilibrium is not a central configuration so that B2 is not 
proportional to I. Consequently, we have that (ii) implies 
a”c?(t) = 0 and aJcj2 = -;1. 
Thus, b(t) = c (constant) and a(t) = ct + 1. Finally, 
c+(t) = (-A) get + 1)-2 
so that 
(so)(t) = -c-*(-A)‘/‘. 
The energy constant h is given by [2] as 
(ii(O) + 62(O)) 1(x(O)) = h. 
But a”&’ = 0 requires that 
&2(O) 1(x(O)) = h 
or cz = h/1(x(O)). The homographic solutions are determined completely by 
h > 0. 
If h > 0 holds, then the homographic solution is an expanding solution. 
If /I= 0, then d(O) = 0 so that a = 1 and the solution is a relative 
equilibrium. 
If h < 0, no homographic solution exists that has x(0) = (xr ,*..: x,J as the 
initial configuration. 
4. CLASSIFYING HOMOGRAPHIC SOLUTIONS 
In order to classify homographic solutions we need to classify the initial 
configurations. Let x, 4’ E S, -A be two configurations. We say that x and 
288 JULIAN LPALMORE 
4’ are equivalent, x N y, if there is y E SO(4) such that x = 7~. Identify E” 
with IH, the quaternions. The set of unit quaternions is denoted by S3 c IH. 
We denote by E c IH the imaginary part of IH. Then IH = R 0 lE and we have 
S3 f7 E = S’. The rotation group of E4, SO(4), can be written as a 
topological product SO(4) = S3 x SO(3) that is a semidirect product 
algebraically. Here S3 is the factor which denotes multiplication of 
quaternions by unit quaternions. S3 acts freely on IH and on S, --A by the 
diagonal action. We denote the quotient S, - A/S3 by Q,. For each 
(m,) E [R:, Q, is homeomorphic to P,-,(IH) -a,-,. Here IPnp2(lH) is 
quaternionic projective space of dimension n - 2 over IH and a,-? is 
(nontrivial) union of n(n - 1)/2 codimension 1 quaternionic projective 
subspaces. 
We identify a class of central configurations as a submanifold of Q,X of 
critical points of pm, the function induced on Q, by V,. 
THEOREM 3. Let (x1,..., x,,) E S, -A be a central ConJiguration. For each 
choice of energy h > V,(x) and for each (scalar) angular momentum c E R 
there is a homographic solution of the n-bodJl problem in E4. 
COROLLARY 3.1. Let (x1 ,..., x,) E S, -A be a central configuration. Let 
h = 0. There is a one-parameter class of homographic solutions that contains 
the solution of relative equilibrium and the homothetic solution. 
Proof of Theorem 3. Let (x, ,..., x,) E S, -A be a central configuration. 
Identify E4 with IH and let J,, J2, J3 be automorphisms of E4 which 
correspond to the multiplicative action of i, j, k on IH. Then x(t) = 
ev@t C arJI) 40) is a relative equilibrium for each choice of (a,, a,, u3), 
~2: + ai + a: = 1, s(0) = (x I ,..., x,) and u is defined by -0’ = A = V&(O)). 
Let (x(t), i(t)), x(0) = (x, ,..., x,J be a homographic solution defined by 
x(t) = a(t) exp(a(t) C a,J,) x(O). Then a and cr satisfy the equations 
0) (a3di)(t) = V&(O)) + 2, 
(ii) a”(t) 62(t) = 2. 
If c2 = 0, then (a3&)(t) = V,(x(O)) and a homothetic solution results. If 
c*= -V,(x(O)), then b(t) =a, and a(t) =a,$ +a,. If a0 =O, then 
a(t) = al = 1 and a solution of relative equilibrium results for h = 0. If h > 0, 
then an expanding homographic solution results. 
The energy h is written as 
(C(O) + d’(O)) = h. 
THEOREM 4. Let (x1,..., x,,) E M-A be a relative equilibrium. There is 
a two-parameter class of homographic solutions such that any solution 
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(x(t), i(t)), x(0) = (x ,,..., -x,,) is determined by energy h and angular 
momentum c E R. 
Proof of Theorem 4. By Theorem 1 there is a skew-symmetric 
automorphism of E4, B, such that the equations of the relative equilibrium 
are 
-/1B*m,x, = --grad, V,(x) 
for i = I,..., n. The multiplier ,4 is given by d = V,(xj/l(Bx). Let (x(t)?$(t)) 
be the homographic solution defined by 
x(t) = a(t) exp(a(t)B) x(O), 
where s(0 j = (x, ,..., xn) E M -d. The functions a, o are defined by the 
equation of motion as 
(i) (cz’cq(t) 1(x(O)) = V,&(O)) + 2 
and 
(ii) a”(t) c?*(t) I(Bx(0)) = c*. 
Thus, by fixing the angular momentum c2 > 0, (i) can be integrated to yield 
a(t) as a solution. Then (ii) can be integrated for e(f). Thus, the 
homographic solution is completely determined. 
5. GROWTH OF SOLUTIONS 
The LagrangeJacobi identity 
i’(-u(t)) = 2h 
gives a rough classification of any solution of the n-body problem in EJ. We 
find that 
1(x(t)) = ht* + r’(x(Oj)t + 1(x(O)). 
Thus, if h > 0, then 1(x(t)) = O(t’) as t + co. If h = 0 and the solution exists 
for all t E R (without singularity), we have 1(x(t)) = Q(O)). If h < 0, then 
1(-X(rjj = 0 for t = t,, t, (finite). 
A finer classification is given by the type of initial configuration and the 
constants of integration. An an example, relative equilibria solutions exist 
only for h = 0 so that 1(x(t)) =1(x(O)). By Theorem 3 homothetic solutions 
exist for h > V,(x(O)) and zero angular momentum. 
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